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Diffusive mobility of fractal aggregates over the entire knudsen number range

G. M. Wang and C. M. Sorensen
Department of Physics and Program for Complex Fluid Flows, Cardwell Hall, Kansas State University, Manhattan, Kansas 66

~Received 24 March 1999!

We determine the effective mobility radius for fractal aggregate particles. Our method is to use static light
scattering to measure the radius of gyrationRg of the aggregates, and dynamic light scattering to measure the
diffusion coefficient hence the mobility radiusRm . The range of our results can be specified by the Knudsen
number Kn, which is the mean free path of the medium molecules divided by the radius of the aggregate. Our
results apply to the entire range of Kn from the continuum limit~Kn50! to the free molecular limit (Kn
@1). In the continuum regime we findRm /Rg50.9760.05 when the aggregate fractal dimension isD f

.2.15, and 0.7060.05 whenD f.1.75. The latter result is independent of Kn for Kn&1.3. The free molecular
mobility goes asRm5aN0.4460.03, wherea is the monomer radius andN is the number of monomers per
aggregate. SinceRg;aN1/D f, Rm /Rg is not a constant when Kn is large. We find for all Kn that the function-
ality of Rm /Rg must always begin with the correctN→1 limit, and this affects experimental observation.
@S1063-651X~99!00409-2#

PACS number~s!: 82.70.2y, 05.40.2a, 36.20.2r
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I. INTRODUCTION

Aerosols and colloids are important and common in b
our natural and technical environments. The particles
these systems can combine to form random aggregates w
are quantitively described as fractals@1–3#. Fractals are scale
invariant objects that obey the relation@4#

N5k0S Rg

a D D f

, ~1!

whereN is the number of primary particles or monomers
the aggregate,Rg is the radius of gyration of the aggregate,a
is the monomer radius,k0 is a constant of order unity, an
D f is the fractal dimension. It is the scalingN}Rg

D f and the
quantitative specification ofD f that make the fractal descrip
tion viable.

Given the importance of aerosols and colloids, we de
to understand the physical properties of the aggregates.
fractal description of the static structure provides a quant
tive basis for understanding these properties. The work
sented here studies the diffusive transport of fractal ag
gates in aerosols and colloids. The essence of the diffu
transport problem is to describe quantitatively the mobi
radius of the aggregate,Rm . This is the radius of a solid
sphere that has the same mobility as that of the aggreg
This problem has been addressed by many workers@5–17#,
some of whom predate the fractal concept. Significant w
in the fractal era includes that of Wiltzius@9#, who studied
colloids of reaction limited cluster aggregates~RLCA! with
D f.2.1. Using static light scattering~SLS! to measureRg
andD f , and dynamic light scattering~DLS! to measure the
diffusion coefficient and hence the mobility radiusRm , he
found Rm}Rg . Reanalysis of his data to include the effec
of aggregate polydispersity concludedRm /Rg50.98 @10#.
Schmidt-Ott@12# used electrostatic classifiers to measure
drag force and henceRm of silver aggregates in an aeros
before and after sintering to dense spheres. Our reanalys
PRE 601063-651X/99/60~3!/3036~9!/$15.00
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his data~below! shows thatRm}N0.46, not N1/D f as implied
by Rm}Rg . This may not be surprising since colloids an
aerosols differ in the Knudsen number Kn, which equals
mean free path of the medium molecules divided by the p
ticle radius. For the colloids Kn;0, whereas in aerosol
typically Kn .0. Rogak, Flagan, and Nguyen@15# also stud-
ied the mobility of aerosol fractal aggregates with classifi
and foundRm}Rg

0.79 which for D f.1.75 is equivalent to
Rm}N0.44. Cai and Sorensen@16# used SLS and DLS mea
surements on flame soot fractal aggregates, and foundRm
}N0.43 for D f51.79. Their Knudsen number range was 6
,Kn ,22. These aerosol results have been explained
terms of the drag force being proportional to the tw
dimensional projectional area of the aggregate@16#. This
projectional area description becomes necessary when K
large.

Despite the excellent work mentioned above, gaps exis
our description of fractal aggregate diffusive mobility. F
the colloidal, Kn;0 regime, only Wiltzius’ data forD f
.2.1 exist. No work describes the diffusive transport of t
important class of diffusion limited cluster aggregat
~DLCA! which haveD f.1.8. Since aggregates are ‘‘tran
parent’’ for D f,2 and ‘‘opaque’’ forD f.2, the difference
between RLCA and DLCA may be significant. The region
intermediate Kn is largely unexplored and we will see bel
that the similar functional dependencies for the three aero
systems described above may be a coincidence. Becau
this, more data are needed at intermediate Kn for cluster
more than just a few monomers.

The purpose of this paper is to fill in these gaps. We stu
with DLS and SLS both DLCA and RLCA colloids and
DLCA aerosol. The Knudsen number range for the aeroso
Kn50.03–1.3. At the end, we combine our results with p
vious work to give a rather complete empirical description
diffusive transport of fractal aggregates.

II. BACKGROUND OF STATIC AND DYNAMIC
LIGHT SCATTERING

For the convenience of description, the following term
nologies and notations are adopted in this paper.Rm andRg
3036 © 1999 The American Physical Society
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represent the mobility radius and the radius of gyration fo
single aggregate ofN monomers, and̂Rm& and^Rg& denote
the experimentally measured values which are averages
the cluster size distribution.Rm,0 and Rg,0 will be used to
describe the mobility radius and the radius of gyration of
mean size of the distribution for the polydispersed agg
gates. Apparently, if the aggregates are monodispersed,
Rm5^Rm&5Rm,0 andRg5^Rg&5Rg,0 . Since static and dy-
namic light scattering are the main techniques used in
research, a brief summary of these methods is outlined
low.

A. Static light scattering „SLS…

The light intensity scattered by a system of aggrega
I (q), is described by@18#

I ~q!5cI0nN2smS~q!, ~2!

where c is a calibration constant, andI 0 , n, sm, and S~q! are
the incident light intensity, aggregate number density~as-
sumed for now monodisperse!, monomer scattering cros
section, and the structure factor of the aggregate, res
tively. Also in Eq.~2! we show the magnitude of the scatte
ing wave vector,

q54pl21 sin~u/2!, ~3!

wherel is the wavelength of the incident light, andu is the
scattering angle.

Based on the value ofqRg , scattering can be discussed
terms of scattering regimes:qRg!1, the Rayleigh regime
qRg<1, the Guinier regime; andqRg@1, the power-law
regime.

In the Rayleigh regimeS(q)51, so Eq.~2! simply be-
comes

I ~0!5cI0nN2sm. ~4!

Sincen05nN is the total number of monomers per unit vo
ume, which ideally is conserved during aggregation, Eq.~4!
indicates thatI (q)}nN25n0N. This displays the Tyndal
effect, which means that as the ensemble of clusters ag
gates, the increasingN will cause the system to scatter mo
light.

In the Guinier regime,S(q).12 1
3 q2Rg

2 . Thus, for a
given aggregate, Eq.~2! becomes

I ~0!

I ~q!
.S 11

1

3
q2Rg

2D . ~5!

Equation~5! shows that a plot ofI (0)/I (q) vs q2 should be
linear with a slope of13 Rg

2 ; henceRg can be measured.
In the power-law regime,qRg@1, and then@18,19#

S~q!5CCp~qRg!2D f . ~6!

In Eq. ~6!, C is a constant dependent on the form of t
single cluster structure factor, typicallyC51, andCp is a
constant dependent on the size distribution of the aggreg
@19#. Substitution of Eqs.~1! and ~6! into Eq. ~2! yields

I ~q!5cIonosmCpko~aq!2D f . ~7!
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By Eq. ~7!, a log-log plot ofI (q) vs q yields a line with slope
2D f .

B. Dynamic light scattering „DLS…

Dynamic light scattering@20# measures the scattered lig
intensity autocorrelation function,C(t)5^I (t)I (0)&, as a
function of lag time t. In general, this autocorrelation deca
exponentially with lag time due to diffusive motion of th
aggregate,C(t)5B01B1e2t/tc, whereB0 is a background
signal,B1 is a constant, andtc is the correlation time. Fitting
to the autocorrelation curve will yieldtc , which is linked to
the diffusion coefficientD of the aggregate by

tc5~2q2D !21. ~8!

Diffusion and drag are intimately tied together by the E
stein relation

D5
kBT

f
, ~9!

where kBT is the thermal energy (kB is Boltzmann’s con-
stant!, andf is the coefficient of the drag force on the aggr
gate.

Whereas the thermal energy is universal, the drag fo
depends on the kinetic regime of the aggregate. For a sph
cal particle with radiusR, the coefficient of the drag force in
the continuum regime (Kn!1) is given by the well-known
Stokes equation

f 56phR, ~10!

whereh is viscosity of the medium. In the other limit, th
free molecular regime (Kn@1), this coefficient is given by
Epstein’s equation@21#

f 5
8

3
R2rS 2pkBT

m D 1/2S 11
bp

8 D , ~11!

wherer is mass density of medium,m is the mean mass o
the medium molecules, andb is the accommodation coeffi
cient (0,b,1). In the transition regime (Kn;1), no
theory givesf, but there is an empirical equation

f 5
6phR

C~Kn!
, ~12!

whereC(Kn) is Cunningham correction factor and is give
@21# by

C~Kn!511Kn ~C11C2e2C3 /Kn! ~13!

with C151.257,C250.4, andC351.1.
Fractal aggregates are ramified and do not have a sp

cal shape. As a result, any attempt to apply Eq.~10! through
Eq. ~13! to aggregates encounters the problem of wha
meant byR. This problem can be approached by defining
effective mobility radiusRm for aggregates, so that the abov
equations are still valid for aggregates if one replacesR with
Rm . Under this definition, the following equations will b
used when calculating the coefficient of drag force for agg
gates regardless of morphology:
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f 56phRm , Kn!1, ~14!

f 5
6phRm

C~Kn!
, Kn;1, ~15!

f 5
8

3
Rm

2 rS 2pkBT

m D 1/2S 11
bp

8 D , Kn@1. ~16!

The purpose of this work is to determine the behavior ofRm
for fractal aggregates throughout the entire Kn range.

III. EXPERIMENTAL METHOD

The TiO2 aerosol was generated by thermal decompo
tion of titanium tetraisopropoxide~TTIP!, similar to the
method reported by Okuyamaet al. @22#. TTIP vapor was
generated by heating liquid TTIP to temperatures aro
80 °C and the vapor was carried into a half meter long tu
furnace by dryN2 gas with a flow rate of 0.5 liter per minute
The furnace was set to a temperature of;400 °C. The de-
composition of TTIP vapor took place inside the furnac
and the resultant TiO2 particles (;35610 nm in diameter;
see transmission electron microscope image in Fig. 1! were
carried out of the furnace as an aerosol.

A stainless steel cylindrical chamber~inside diameter 20
cm, height 35 cm! was used to contain the fresh aerosol.
the middle height of the chamber, a curved glass wind
allowed for light scattering measurements at scatter
angles fromu50° –120°.

We take Kn to be the ratio between the mean free pat
medium gas~a mixture of air and dry N2 gas in our experi-
ment! and Rg . Use of Rg is somewhat arbitrary since it i
only one of many possible measurers of the aggregate li
dimension. It is also perhaps the simplest and most phys
so we use it. The mean free path for the mixed gas is aro
65 nm at ambient temperature and 1 atm of pressure. In
TiO2 aerosol,^Rg& ranges from 500 to 2000 nm. Then K
under these conditions is between 0.03 and 0.13. In orde
expand the Kn range, the chamber pressure was red
from 1 atm to 1/3, 1/4, 1/6, 1/10, and 1/15 atm of pressu
This increased the mean free path to as much as 975 nm

FIG. 1. TEM image of a fresh TiO2 aerosol particle.
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a result, Kn was extended over 1.
The colloid investigated consisted of polystyrene sphe

cal particles~uniform Latex microspheres, diameter 28 nm
Duke Scientific Corp.!. The starting number density wa
;931011 cm23. NaCl was added to the suspension to
duce aggregation with concentration from 0.07 to 0.7 mole
order to cause either reaction limited or diffusion limite
cluster aggregation. The Knudsen number in the colloid
much less than 1. Quantifying Kn is somewhat problema
because the concept of mean free path is best described
rarified gas rather than a dense liquid. We shall somew
arbitrarily ~again! take the mean free path of water molecul
as 0.3 nm~the side of a cube that contains on average o
water molecule!. This will allow us to calculate Kn for our
colloids and consider them along side the aerosols. No
dependence was observed for the colloidal diffusive tra
port, and all the calculated Kn is much less than 1 so
precise value of this mean free path is not important.

Both static and dynamic light scattering were perform
by employing a vertically polarized Ar ion laser with wave
length l5488 nm. The wave vector range for the SLS e
periment wasq50.4–22mm21. Dynamic light scattering
was carried out by using an ALV5000 digital autocorrelat

When measurinĝRg& and^Rm& for both the TiO2 aerosol
and the polystyrene sphere colloid, the DLS and SLS exp
ments were conducted as follows. First a DLS measurem
was completed at one angleu between 20° and 50° to yield
a ^Rm1&. This normally took 30 s. Next was a SLS measu
ment in the Guinier regime~usually a series of angles from
u53° to 20°) to produce âRg&. The SLS measuremen
took around 100 s. Then, another DLS measurement
carried out to find âRm2&. The average of̂Rm1& and^Rm2&
was chosen to be thêRm& corresponding to thêRg& mea-
sured in between. Usually,̂Rm1& and ^Rm2& were within
10% of each other for DLCA aggregates. After that, S
experiments at large scattering angles (u.20°) were con-
ducted to determine the fractal dimension. The whole pro
dure was repeated many times to measure the^Rm& and^Rg&
as a function of Kn, which evolves because the system~ei-
ther aerosol or colloid! was aggregating.

IV. RESULTS AND DISCUSSION

A. Measurement of the radius of gyration
and the mobility radius

Figure 2 shows a selected SLS measurement for a T2
aerosol under one of our most difficult experimental situ
tions, 1/10 atm of pressure. There are five consecutive r
The clear features of this graph are the following.~1! In the
large q region (q.5 mm21), the five sets of data roughly
overlap. Thus it is clear that the five measurements h
essentially the same fractal dimension. The value of the fr
tal dimension was found to be 1.7560.1, consistent with
previously reported values for the diffusion limited clust
aggregation system@2,3#. ~2! The apparent intensity increas
in the smallq region (q,1 mm21) is a clear indication of
the Tyndall effect due to aggregation.~3! Since the Tyndall
effect occurs only in the Rayleigh regime, it is safe for us
say that the data aroundq;1 mm21 are in the Guinier re-
gion for our TiO2 aerosol. By plottingI (0)/I (q) vs q2 in the
Guinier regime~see Fig. 3!, ^Rg& was obtained. Apparently
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^Rg& increases with time due to aggregation. It was notic
during the experiments that the measured intensity fluctu
;10% over time scales of tenths of a second. We beli
these fluctuations are due to the fluctuations in the clu
number density in the focused scattering volume. T
caused the measured^Rg& to have an uncertainty of;10%.

The corresponding DLS measurements are shown in
4. The photomultiplier tube~PMT! was placed at a scatterin
angle of 50° to yieldq510.9mm21. As can be seen, ther
are at least two apparent decays in the autocorrela
curves: one in the small time region (t,0.5 ms) and anothe
in the larger time region (t.20 ms). Analysis shows the firs
decay to be exponential and related to aggregate diffu
motion, and hence containstc . The second decay has
Gaussian shape and is associated with the number de
fluctuations mentioned above. Fittings based on these
components give reasonable fits to the experimental dat
these two regimes. However, a misfit is clearly visible in t
intermediate regime 1,t,20 ms, as seen in Fig. 5 wher
we plot one of the runs in Fig. 4 against the fit. To impro
the accuracy of the fitting, a third,ad hocexponential term

FIG. 2. Scattered intensity measured by SLS as a function of
wave vectorq for the TiO2 aerosol under 1/10 atmospheric pre
sure. The slope in the largeq regime for this log-log plot is the
fractal dimensionD f51.75. Five sets of data represent five co
secutive runs.

FIG. 3. Guinier analysis of scattering data in Fig. 2. A linear
yields a slope which is equal toRg

2/3.
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was added. Hence the scattered light autocorrelation func
C(t) was finally fitted by three terms:

C~ t !5B01B1e2t/tc1B2e2t2/t2
2
1B3e2t/t3, ~17!

whereB3 andt3 are two additional fit variables of thead hoc
term. As shown by Fig. 5, this three-term fit matches t
experimental data well.

Questions arise from above three-term fit, viz. what do
the third term represent and how does it affecttc? The third
term appears to be related to another diffusive motion;
believe it is due to some extra large clusters in the aero
One possible source for these extra large clusters is the T2
deposited on the furnace wall during the thermal decom
sition. When the aerosol was carried into the chamber,
furnace wall TiO2 may have broken off into large cluster
Regardless of the source of this third term, in comparis
with the two-term fit,Rm obtained from the three-term fit i
generally around 15% smaller, as shown by Fig. 5. This p
centage is slightly over the experimental random uncerta
(<10%). We believe it is a good and necessary impro
ment from both mathematical and physical points of view

Referring back to Fig. 4, we see that as the experim
progressed, the first decay shifted to a larger time. This is
indication of an increase in̂Rm& due to aggregation, consis
tent with the SLS measurements. On the other hand, Fi
also shows that the second decay becomes more app
with time. This is associated with the aggregation proces

e

FIG. 4. Scattered light intensity autocorrelation function me
sured by DLS vs lag time for the TiO2 aerosol under 1/10 atmo
spheric pressure.

FIG. 5. A selected two and three term fit to the autocorrelat
function data in Fig. 4.
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3040 PRE 60G. M. WANG AND C. M. SORENSEN
well, since, as the clusters become larger during aggrega
the number density decreases; hence the relative size o
number density fluctuation increases@23#.

For many of our aerosols, Kn was quite close to 1, th
Eqs. ~13! and ~15! should be used to calculate^Rm&. How-
ever, these equations are not easy to invert for^Rm&. Cai and
Sorensen@16,24# showed that, usingD5Ds1De as the dif-
fusion coefficient throughout the transition regime, whereDs

andDe are the diffusion coefficients for the continuum a
free molecular regimes, yields^Rm&, almost identical to that
given by the exact method of using Eqs.~13! and~15!. Here
we adopt this approach to calculate^Rm&. The results for
both ^Rg& and ^Rm& are shown in Fig. 6, where we see th
each increases with time.

For the polystyrene sphere colloid with an initial numb
density of 931011 cm23, we observed a diffusion limited
cluster aggregation when the NaCl concentration was;0.5
mole or higher. Decreasing the NaCl concentration to;0.07
mole resulted in reaction limited cluster aggregation. T
identification of DLCA or RLCA system is based on th
measurements of the fractal dimension by SLS and
growth kinetics by DLS. For high NaCl concentrations o
optical structure factor measurements foundD f51.7560.1
and a power-law growth of̂Rm& to imply DLCA, whereas
for low NaCl concentration we foundD f52.1560.1 and
exponent growth of̂Rm& to imply RLCA @25–27#.

B. Corrections for polydispersity

Ideally, if the aggregates in either an aerosol or a coll
are monodisperse~no aggregate size distribution!, ^Rm& and
^Rg& can be directly compared because they are assoc
with same size aggregate. However, the real aggregate
tems are polydisperse because of the aggregation pro
Due to this size distribution, the measured^Rm& and ^Rg&
cannot be directly compared since they represent diffe
moments of the particle size distribution.

To overcome this problem, one can compareRm,0 and
Rg,0 , since they both are related to the same mean size o
distribution. To calculateRm,0 andRg,0 for the polydisperse
aggregates, we need to know the particle size distribut
Here we will use the scaling distribution, which is known

FIG. 6. Time evolution ofRm andRg for the aerosol under 1/10
atmospheric pressure.
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be produced by the aggregation process@28,29#. Another dis-
tribution often used in the aerosol literature is the log norm
distribution, but we do not use it here because of the inac
racies of its higher order moments necessary for the li
scattering analysis.

The scaling distribution is given by@21,28,29#

n~N!5M1s1
22f~x!, ~18!

x5N/s1 , ~19!

s15M1 /M0 , ~20!

f~x!5Ax2te2ax. ~21!

In Eqs. ~18!, ~19!, ~20!, and ~21!, s1 is the mean aggregat
size,M0 andM1 are the zeroth and first moments of the si
distribution, equal to the total number of clusters and mo
mers, respectively, andA, a, and t are constants. Thei th
moment of the size distribution,Mi , is

Mi5E
0

`

Nin~N!dN ~22!

5M1s1
i 21mi , ~23!

where

mi5Aa2( i 1a)G~ i 1a!, ~24!

and whereG is the gamma function. Normalization leads
A5aaG21(a) and a512t. The exponentt is a measure
of the width of the distribution; the largert is, the wider the
distribution. It is also equal to the aggregation kernel hom
geneity for certain classes of kernels including DLCA@29#.

To determine how the measured^Rg& is related to the
moments of the size distribution, we recognize that the m
sured structure factor̂S(q)& is an average of the individua
aggregateS(q) over the size distribution weighted by th
light scattering; hence

^S~q!&5

E
0

`

N2n~N!S~q!dN

E
0

`

N2n~N!dN

. ~25!

SinceRg is measured in the Guinier regime, we use Eq.~5!
in Eq. ~25! to obtain

^S~q!&512 1
3 q2^Rg

2&, ~26!

where

^Rg
2&5k0

22/D fa2
M212/D f

M2
~27!

5Rg,0
2

m212/D f

m2
. ~28!

In Eq. ~28! we have usedRg,05k0
21/D fas1

1/D f , the radius of
gyration of the mean aggregate sizes. Equation~28! allows
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the measured̂Rg
2& to be converted toRg,o , the radius of

gyration of the mean size aggregate.
The relation of the mobility radius of a fractal aggrega

to N is not as well understood as the radius of gyration,
we assume the more general form ofRm5aNx, which is
supported by the experimental measurements@16#. Under
this assumption, we can work out the relationship amo
^Rm&, the moments of size distribution, andRm,0 , as we did
for the radius of gyration above.

The measured̂tc& is an average oftc over the intensity
weighted size distribution; hence

^tc&5

E
0

`

I ~N!n~N!tc~N!dN

E
0

`

I ~N!n~N!dN

, ~29!

where tc(N) is the correlation time for a aggregate ofN
monomers. As described in Sec. II,I (N)}N2 in the Rayleigh
scattering regime andI (N)}N in the power-law scattering
regime. On the other hand,tc(N)}Rm in the continuum re-
gime andtc(N)}Rm

2 in the free molecular regime. Thes
conditions applied to Eq.~29! along with the mobility radius
of the mean sizeRm,o5as1

x yield for scattering in the Ray
leigh regime:

^Rm&5Rm,0

m2

m22x
continuum regime, ~30!

^Rm
2 &5Rm,0

2 m2

m222x
free molecular regime, ~31!

and, for scattering in the power-law regime

^Rm&5Rm,0

m1

m12x
continuum regime, ~32!

^Rm
2 &5Rm,0

2 m1

m122x
free molecular regime. ~33!

Accordingly, the ratio betweenRm,0 and Rg,0 was calcu-
lated based on our measured^Rm& and^Rg& data for both the
aerosol and the colloid. When calculatingRm,0 andRg,0 , the
following factors have been used to determine the variab
and to determine which equations should be used.~1! For the
atmospheric pressure aerosol, Kn is far less than 1~hence in
the continuum regime!, experiments~e.g., Ref.@16#! and our
recent kinetic investigation@30# has shown that the kerne
homogeneity ist.0; hencea51, as expected theoreticall
for this regime. Also, since our measurements show^Rm& to
be proportional to^Rg&, x was chosen to be 1/D f (D f
51.75). On the other hand, for low pressure experime
~e.g., 1/10 and 1/15 atmospheric pressure!, the initial Kn is
close to 1. Our recent kinetic investigation@30# suggests for
this regimet521/D f . Again, this is consistent with theo
retical expectation. Sincet521/D f , a5111/D f . Again,
^Rm&}^Rg& implies x51/D f . ~2! For the colloid,t51.5,
a520.5, andx51/D f (D f52.15) were used for RLCA ac
cording to Refs.@10,26,27#, whereast50, a51, and x
51/D f (D f51.75) were adopted for DLCA. Finally, car
o

g

s

ts

was taken to use DLS data taken in either the Rayle
(qRg!1) or power-law (qRg@1) regimes, and Eqs.~30!
and ~31! or ~32! and ~33! were used as appropriate.

C. Rm /Rg when Kn<1

Figure 7 plots the primary experimental result of this p
per: the ratio ofRm,0 andRg,0 as a function ofKn. In com-
parison, results obtained by Wiltzius@9# and Cai and So-
rensen@16# are also included in the graph. Notice that
calculatingRm,0 andRg,0 for Cai and Sorensen’s experimen
tal results,t50.2, a50.8, andx50.43, were used as re
ported by them@16#. As can be seen, the ratio betweenRm,0
and Rg,0 for our TiO2 aerosol is nearly constant (0.7
60.05) in the Kn range of 0.02–0.3 with a slight increase
0.7560.05 for 0.4,Kn ,1.3. For the colloid investigated
Kn <0.004, the ratio ofRm,0 /Rg,0 is 0.7160.05 for DLCA
and 0.9760.05 for RLCA.

Several conclusions can be made from Fig. 7. First
constant ratio indicates thatRm,0 is proportional toRg,0 once
Kn<1, regardless of the type of aggregation~RLCA or
DLCA! and the system of aggregation~aerosol or colloid!.
This is a generalization of Wiltzius’s conclusion. Secon
our data reveal that the ratio ofRm,0 and Rg,0 depends
strongly on the fractal dimension. This dependence will
addressed below in terms of a hydrodynamic calculati
Third, comparison of our data to those of Cai and Soren
implies a transition from constantRm /Rg to one which in-
creases with increasing Kn.

As mentioned above, the ratio betweenRm,0 and Rg,0 is
different for DLCA (D f.1.8) and RLCA (D f.2.15). In
order to explain this difference, we consider a simple hyd
dynamic model@8,9,31#. We assume the monomer pair co
relationg(r ) has the form of

FIG. 7. The ratio ofRm,0 /Rg,0 as a function of Knudsen numbe
Kn. Also included are the data of Wiltzius, Schmidt-Ott, Roga
Flagan, and Nguyen, and Cai and Sorensen, along with the ca
lated values ofRm /Rg for a straight chain of spheres assuming t
single sphere (N51) has a Knudsen number of 47.3~the mfp is
330 nm, a59 nm, and Rg57.0 nm!. The dashed line is a
Rm,0 /Rg,051.29, theN51 sphere limit. The data of Wiltzius and
our data ofRm,0 /Rg,0.0.97 are forD f.2.15, the rest are forD f

.1.75. All data with Kn,0.01 are from a colloid, and all with
Kn.0.01 are from an aerosol.
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g~r !}r D f23h~r !, ~34!

whereh(r ) is the cutoff function. Then for a spherical ag
gregate with fractal dimensionD f ~only one aggregate an
no size distribution; henceRm,05Rm andRg,05Rg), hydro-
dynamic theory@31# gives

Rm

Rg
5

E
0

`

r 2g~r !dr

E
0

`

rg~r !dr
F 2E

0

`

r 2g~r !dr

E
0

`

r 4g~r !dr
G 1/2

. ~35!

The calculated ratios ofRm /Rg are listed in Table I for some
commonly used cutoff functions such as the exponential
Gaussian and also for a step cutoff, which is unphysical
demonstrates the sharp cutoff limit.

Given that the TiO2 aerosol as well as the DLCA colloid
have a fractal dimension 1.7560.1, the model predicts ratio
of 0.48, 0.70, and 0.89 if the monomer pair correlation of
aggregates has an exponential, a Gaussian, or a step fun
cutoff, respectively. The ratio calculated by using a Gauss
cutoff function is essentially the same as the experiment
measured value. Previous work from this lab has used b
SLS @32# and electron microscopy imaging@33# and a com-
prehensive analysis of proposed structure factors@19# to
show that the cutoff function is much sharper than expon
tial and well described by the Gaussian. Thus the theore
model embodied in Eq.~35! is successful in calculating
Rm /Rg .

Equation~35! predicts ratios of 0.63, 0.85, and 1.05 f
the RLCA (D f52.15) aggregates by using an exponentia
Gaussian, and a step function cutoff, respectively. The
perimentally measured value ofRm /Rg50.9760.05 is be-
tween those calculated using the Gaussian and step fun
cutoffs. Thus the experimentally measured ratio suggests
the monomer pair correlation of RLCA falls off at the perim
eter quicker than a Gaussian cutoff function. Considera
less work has been applied to determining the cutoff
RLCA aggregates than DLCA aggregates. Our recent an
sis @19# of the structure factor simulations of Linet al. @34#
suggest that the Gaussian describes the cutoff well
RLCA. In that case the prediction of Eq.~35! of Rm /Rg
50.8560.02 is in slight disagreement with our experimen
value of 0.9760.05 and the reanalyzed Wiltzius value

TABLE I. The calculated ratio between the mobility radius a
the radius of gyration using Eq.~35! for three different density
autocorrelation function cutoffs as a function of the fractal dime
sion.

Exponential cutoff Gaussian cutoff Step cutoff
D f Rm /Rg Rm /Rg Rm /Rg

1.5 0.37 0.57 0.72
1.6 0.41 0.62 0.80
1.7 0.46 0.67 0.86
1.8 0.50 0.72 0.91
1.9 0.54 0.76 0.96
2.0 0.58 0.80 1.00
2.1 0.61 0.83 1.03
d
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0.98. On the other hand, in a computer simulation carried
by Chen, Meakin, and Deutch@10b#, a ratio of Rm /Rg
50.97 was reported for RLCA, which agrees well with th
experimental results.

Other workers have considered the theoretical problem
drag on a fractal in the continuum regime. Rogak and Fla
@14# created a series of fractal clusters with differentD f
based on an iterative ‘‘expanded cube’’ procedure. ForD f
51.79 they foundRm /Rg50.67, in good agreement with ou
measurements, and forD f52.1 andRm /Rg.0.73, in poor
agreement with the measurements. Tandon and Rosner@17#
calculated the diffusivity for arbitraryD f . Their graphical
results~Fig. 5 of Ref.@17#! can be used to inferRm /Rg with
the application of Eq.~1!. With ko51.3 @4,32#, we find
Rm /Rg.0.71 for D f51.8, andRm /Rg.0.95 for D f52.18,
both in excellent agreement with the measurements.

D. Rm /Rg when Kn>1

Despite performing experiments at 1/15 of an atmosph
where the mean free path in air is 975 nm, we were unabl
exceed Kn51.3, and thereby probe deeply into the large K
free molecular regime. However, by combining our curre
results with previous data, we can create a description
fractal aggregate mobility for all Kn.

Data for fractal aggregate mobility involving the deepe
excursion into the large Kn regime are those of Cai a
Sorensen@16#, who used both DLS and SLS to measureRm
andRg for soot fractal aggregates in a flame. They found
ratio was not a constant but ratherRm /Rg}N20.13}Rg

20.23

with D f51.7960.10. The exact dependence was found to
Rm5baNx, wherea is the monomer radius, also measur
in situ, b50.9960.02, andx50.4360.03. This result was
nicely explained as due to the projected area of the aggre
which is effective for momentum transfer between the g
molecules and the aggregate in the kinetic regime, Kn@1.
For D f,2, the cluster is nearly transparent to mean that
projected area should bepa2N, thusRm5aN1/2. The expo-
nentx50.43, less than the expected x51/2, was explained as
due to some small degree of monomer-monomer screen
A comparison was made to screening that also occurs
tween monomers for electrons in transmission electron
croscopy imaging of fractal aggregates from a thre
dimensional to a two-dimensional image@34–38#. For TEM
imaging it has been found that the projected area goe
N0.8760.05. Since electrons in a TEM and the gas molecules
an aerosol when Kn@1 travel in straight lines, the TEM
result impliesRm;Nx with x50.87/250.435, very consis-
tent with the 0.43 measured. Further support for this dep
dency was gained from Meakin, Donn, and Mulholland@13#
who with computer simulations studied monomer screen
in aggregates to implyx50.45. Thus we have an intuitively
pleasing physical picture of drag on fractal aggregates w
Kn@1 caused by ballistic bombardment of gas molecules
individual spherical monomers adding linearly, with the e
ception of some monomer-monomer screening, to give
total drag on the aggregate.

We know of two other significant data sets for mobility
fractal aggregates not in the continuum (Kn!1) regime.
Schmidt-Ott@12# used two electrostatic classifiers to stu
silver fractal aggregates with monomer size ofa57.5 nm.

-
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The aggregate aerosol passed through the first analyzer
the mobility radius was measured for the ramified agg
gates. The aerosol then passed through a furnace which
tered the aggregates into dense spheres. The second an
measured the dense sphere radiusR. It was found thatRm

;R1.375. Since N;R3, it can be inferred thatN;Rm
2.18.

Schmidt-Ott interpreted this as the fractal dimension, but
holds only if Rm /Rg is constant, which may not be true fo
Kn@1.

We have reanalyzed Schmidt-Ott’s data. The numbe
monomers per cluster before sintering can be determ
from the measuredR anda andN5(R/a)3. We assumeD f
51.75, which is well known and verified for aggregat
formed by random diffusion~DLCA! like Schmidt-Ott’s.
Then Eq. ~1! with k051.3 yields Rg . We now can plot
Rm /Rg vs Kn with a mean free path of 65 nm for roo
temperature air in Fig. 7. The dependency in Fig. 7 is
scribed byRm /Rg;Kn0.19, which for D f51.75 is equivalent
to Rm;N0.46. This is consistent with Cai and Sorensen, a
the similarity of slopes in Fig. 7 testifies to this similarity.

Rogak, Flagan, and Nguyen@15# also used electrostati
classifiers to measure aggregate mobility and size before
after sintering. Both TiO2 and Si aerosols were used. The
found Rm;Rg

Db/2 , where Db51.5960.04 represented a
‘‘mobility fractal dimension.’’ Here again we reinterpre
their data based on the most probable fact that their ag
gates, formed by random diffusion, are DLCA aggrega
with D f.1.75. Then the result above impliesRm /Rg

;Rg
20.205;N20.12, not a constant, and thusRm;N0.45. Once

again consistency is found, now with both Cai and Soren
and Schmidt-Ott. In Fig. 7 we include the result of Roga
Flagan, and Nguyen, as their best fit line from their Fig.

The corroboration of the three data sets above to im
that Rm;N0.45 is deceptive, and the deception is enhanc
given the agreement with the theoretical explanation gi
above. The deception lies in the fact that not all the data
in the large Kn regime where the kinetic explanation appli
Indeed, the data of Ref.@15#, are for 0.13<Kn<2.2, a range
definitely not in the free molecular limit. Why do our aeros
data show a constantRm /Rg50.7560.05, whereas the dat
of Ref. @15# vary greatly in the same Kn range? Further, wh
is the source of variation ofRm /Rg for all three data sets?

The answer partially lies in the number of monomers
aggregate and the single particle limit. Included in Fig. 7
values ofN for some of the data points for each data set. T
smallest N values are;2 –3 in each case. Consider theN
51 limit, a single sphere, thenRm5R, and Rg5A3/5R,
henceRm /Rg51.29. This limit is included in Fig. 7 as a
dashed line, and the obvious implication is that each data
is approaching its single particle (N51) limit regardless of
Kn. Chan and Dahneke@6# calculated the free molecular re
gime Rm for straight chains of spheres of arbitraryN. They
found

Rm5aA0.802~N21!11. ~36!

In Fig. 7 we include their results with Kn adjusted to mat
approximately with the data of Cai and Sorensen. The co
parison is quite good forN52 and 3, but deteriorates fo
larger N because fractal aggregates are poorly described
straight chains whenN is larger than a few.
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We can now make an assessment of Fig. 7. The dat
Ref. @15# are centered on Kn.1; hence kinetic theory, which
predictsRm;N0.45, may only marginally apply. The fact tha
the data agree with this is as much coincidence as an
dorsement of the kinetic theory that predictsRm5aN0.45.
The coincidence is caused by the need forRm /Rg to rise up
from 0.75, the largeN limit when Kn.1, to 1.29 asN→1.
The data of Cai and Sorensen for which 6.7<Kn<22 are
well in the free molecular regime where the kinetic theo
applies, hence the agreement of data and theory is confir
tion of theory. Schmidt-Ott’s data lie between these two d
sets with 1.3<Kn<6.5, and probably reflect portions of eac
argument. All three data sets have the correct smallN limit,
which they must.

Finally, we put all of this together in a coherent descr
tion of Rm for fractal aggregates which is depicted in Fig.
For large Kn we adhere to the result of Cai and Sorensen

Rm5aNx, ~37!

with x50.4460.03 forD f.1.75. This value of the exponen
x is based on all three data sets in Fig. 7, the results of R
@13#, and the electron microscope screening results@35–38#.
Remarkably, and gratifyingly, Eqs.~36!, the Chan and Dah-
neke result for straight chains, and Eq.~37! agree to better
than 1% for N51 –4. Therefore, we claim that Eq.~37!
holds for allN>1. When Eq.~37! is combined with Eq.~1!,
we find the ratio

Rm /Rg5ko
1/D fNx21/D f . ~38!

Furthermore, since we have defined the aggregate Knud
number as the ratio of the gas molecule mean free path to
aggregate radius of gyration, Eq.~38! implies

Rm /Rg}Kn12xDf . ~39!

FIG. 8. A schematic diagram for the ratioRm /Rg of a fractal
aggregate withD f51.75 as a function of the Knudsen number K
which is equal to the mean free path of the medium molecu
divided byRg . Examples for various initial,N51 and 2, Knudsen
numbers are shown. For a given monomer size the gas mole
mean free path establishes a monomer Knudsen number for w
Rm /Rg51.29. As the number of monomers in the aggregateN in-
creases, Kn decreases, andRm /Rg follows the drawn curves which
are dependent upon the initial, monomer Knudsen number.
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As the Knudsen number falls with increasingN, the be-
havior of Rm must cross over from Eqs.~38! and~39! to the
continuum behavior,Rm50.7Rg . However, the manner in
which this occurs depends upon the Knudsen number of
monomers of the aggregate. If this monomer Knudsen n
ber is sufficiently large, the Kn dependency in Eq.~39!,
which for D f51.75 is Kn0.23, can lead the ratioRm /Rg to
values less than the continuum value of 0.7 while Kn is s
greater than 1. However, as Kn continues to fall into
continum regime this undershoot ofRm /Rg , as sketched in
Fig. 8, must be rectified, in some unknown manner,
Rm /Rg50.7. This unknown rectification is represented
the dashed line in Fig. 8. On the other hand, smaller val
of the monomer Knudsen number~approximation those
which are less than 15! will lead to a value ofRm /Rg declin-
ing monotonically from 1.29 to 0.7 as the aggregate Knud
number falls. Such a behavior is also sketched in Fig. 8.

One surprising result of our work here is thatRm /Rg must
decrease from a monomer value of 1.29 to the ‘‘large cl
ter’’ value of 0.7 regardless of the value of Kn. When Kn
large, Eq.~37! with x50.44 describes this decrease as d
scribed above. When Kn<1, a form similar to Eq.~37! may
hold, but the exponentx for this regime has yet to be dete
mined. This behavior is also sketched in Fig. 8.
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V. CONCLUSIONS

Static and dynamic light scattering were used to de
mine fractal aggregate radius of gyration, fractal dimensi
and mobility radius in aerosols and colloids for both DLC
(D f.1.75) and RLCA (D f.2.15) aggregates. In the con
tinuum limit (Kn.0) Rm /Rg50.7060.05 forD f.1.75 and
Rm /Rg50.9760.05 for D f.2.15. These ratios were inde
pendent of whether the system was an aerosol or a co
and in agreement with theory for aggregates with den
correlation functions sharply cutoff like a Gaussian. For K
<1.3 andD f51.75, the ratioRm /Rg remains fairly constant
increasing, within error, to 0.7560.05 at Kn51.3. These re-
sults apply forN@1, but asN→1 the single particle limit
Rm /Rg51.29 must be approached. The free molecular lim
was studied with use of previous data, some reanalyzed
find Rm5aN0.4460.03 when Kn.1. This formula has the cor
rect N→1 limit. In this regimeRm /Rg;N2(0.1360.03) for
D f.1.75, not a constant. Figure 8 gives a schematic desc
tion of Rm /Rg for all Kn when Kn is varied viaN. A discus-
sion of Fig. 8 is given immediately above the conclusion
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